An electron beam traversing a structured plasmonic field is shown to undergo diffraction with characteristic angular patterns of both elastic and inelastic outgoing electron components. In particular, a plasmonic grating (e.g., a standing wave formed by two counter-propagating plasmons in a thin film) produces diffraction orders of the same parity as the net number of exchanged plasmons. Large diffracted beam fractions are predicted to occur for realistic plasmon intensities in attainable geometries due to a combination of phase and amplitude changes locally imprinted on the passing electron wave. Our study opens new vistas in the study of multiphoton exchanges between electron beams and evanescent optical fields with unexplored effects related to the transversal component of the electron wave function.
I. INTRODUCTION
The weakness of free-space electron-photon interactions at low photon energies ( m e c 2 ) is clearly emphasized by the correspondingly small Thomson scattering cross-section (8π/3)(αh/m e c) 2 ∼ 10 −28 m 2 . It is thus understandable that nearly seven decades went by between the proposal of electron diffraction by free light beams [1] (the so-called Kapitza-Dirac effect) and its demonstration in a set of elegant experiments by Batelaan and coworkers [2] [3] [4] . Periodic motion of the electron aimed by the light electric field leads to a nonzero-average transversal Lorentz force due to the magnetic field, which causes elastic deflection of the electron, and consequently imprints spatial phase variations on the electron wave function.
Significant electron-photon coupling can occur when light is slowed down in dielectric media, essentially circumventing the large kinematic mismatch between electrons and photons at nonrelativistic energies. The resulting Cherenkov radiation [5] [6] [7] has been instrumental in the development of particle detectors, whereas the already demonstrated inverse Cherenkov effect [8] holds potential for electron acceleration [9] . While these phenomena are impractical for moderate electron energies in homogeneous materials, a related effect associated with the coupling to optical modes in photonic-crystals has been demonstrated for electrons moving in vacuum through holes perforating thin films [10] .
Evanescent light fields offer an efficient way to enhance electron-photon interaction. This is the principle underlying the Smith-Purcell effect [11] , which in its in- * Corresponding author: javier.garciadeabajo@icfo.es verse form [12] also involves electron deflection by light fields. Plasmons sustained by nanostructured conductors (a prototypical class of evanescent fields), can extend toward the surrounding vacuum and enable large interaction with free electrons. As a result of this interaction, electrons can absorb previously generated plasmons [13] and also excite plasmons that are subsequently outcoupled to cathodoluminescence light emission. The latter is widely used to spectrally and spatially map plasmons and other nanoscale optical modes [14, 15] .
Large electron-photon coupling has been recently accomplished by synchronizing short electron and laser pulses, leading to multiple energy losses and gains, as revealed in the transmitted electron spectra. This technique has been termed photon-induced near-field electron microscopy (PINEM) [16] [17] [18] [19] [20] . For the typical beam divergence angles used in electron microscopes (∼ 10 mrad), transversal electron motion contributes negligibly to the kinetic energy, so that energy exchanges are mainly due to momentum transfers along the beam direction [15] . In fact, an accurate description of the noted spectra only requires dealing with the electron wave function dependence on the path length [21] . The evolution along transversal directions has been largely overlooked in this context, although it can be a source of new phenomena, such as angular momentum transfer in the interaction with optical chiral modes [22, 23] .
In this work, we investigate the phenomenon of electron diffraction by plasmon waves. An electron beam traversing a plasmon standing wave is predicted to undergo strong diffraction in both its elastic and inelastic outgoing components under currently feasible conditions. In contrast to the Kapitza-Dirac effect [1] [2] [3] [4] , mediated by the ponderomotive force of a free-space light wave, electron deflection is produced by the direct action of the electric field associated with the plasmon, without in-volvement of magnetic fields, and it additionally produces diffracted inelastic electron components. In our predicted electron diffraction effect, the plasmon acts both as a phase grating (by locally modifying the phase of the electron wave function through multiple inelastic exchanges) and as an amplitude grating (by shifting more probability from elastic to inelastic electron beam channels at transversal positions corresponding to maximum plasmon strength). Interestingly, plasmon-induced electron diffraction can be scaled down to ultraconfined modes of pure quasistatic nature, involving small distances, and consequently, relatively large deflection angles.
II. THEORETICAL DESCRIPTION
We consider an electron beam of finite lateral extension that passes near an illuminated nanostructure. The electron wave function ψ(r, t) evolves according to Schrödinger's equation (H 0 +H 1 )ψ = ih∂ψ/∂t, where H 0 is the free-space Hamiltonian and H 1 describes the interaction with the optical field. For simplicity, we assume classical monochromatic light of frequency ω. We then have
where we use the convention E(r)e −iωt + c.c. for the electric field amplitude E. We envision a metallic nanostructure in which the near field is dominated by induced plasmons, although the present formalism can also be applied to evanescent waves confined to non-plasmonic materials. The electron kinetic energy and momentum are taken to be peaked around E 0 andhk 0ẑ , respectively, whereẑ is chosen along the beam direction andhk 0 = √ 2m e E 0 1 + E 0 /2m e c 2 . We contemplate a small spread in electron kinetic energy ( hω) [24] , which is dominated by plane wave components with wave vectors k such that |k − k 0ẑ | k 0 , each of them satisfying H 0 e ik·r = E k e ik·r in free space. For such narrow k distribution, we can approximate
2 ) is the peak electron velocity. This relation holds even after interaction with the optical field, under the assumption thathω E 0 (i.e., neglecting recoil). The unperturbed Hamiltonian can thus be approximated by H 0 ≈ E 0 −hv (i∂/∂z + k 0 ), which suggests that we recast the electron wave function as ψ(r, t) = e i(k0z−E0t/h) φ(r, t).
Additionally, we replace ∇ by ik 0ẑ in Eq. (1) (i.e., we ignore wave function gradients other than the contribution from e ik0z ), so that the Schrödinger equation reduces to
where γ = 1/ 1 − v 2 /c 2 . Now, in the absence of any interaction (E z = 0), an incident wave function of the form φ(r, t) = φ 0 (r − vẑt) automatically satisfies Eq. (2). Obviously, this only holds for small distances relative to the interaction region, as diffraction becomes important during free propagation to the far field (see below). Photon exchanges between the electron and the optical field modifies the electron energy in steps of ±hω. As a result, after several such exchanges, the electron wave function should be distributed among components grouped around a periodically spaced set of energies E 0 + hω. We actually find that
is a solution of Eq. (2), provided that the spacedependent coefficients f (r) evolve along z according to
Interestingly, Eq. (A2) does not mix different R's, and therefore, it locally preserves the electron probability
as a consequence of the Hermitian character of the corresponding secular matrix. Before the electron enters the interaction region (see z = z 0 plane in Fig. 1 ), we must have φ = φ 0 , or equivalently, f = δ 0 . We then propagate this starting value via Eq. (A2) up to a plane z = z 1 situated right after passing the interaction region (see Fig.  1 ), where the th energy component of the wave function reduces to φ 0 (R,
is a global phase and we introduce the notation r = (R, z). Beyond that plane, f (r) no longer depends on z, so that free-space propagation takes place as we describe below.
Incidentally, following similar methods as in Ref. [19] , we derive an analytical solution of Eq. (A2) in the Supplementary Information (SI) [25] , where we find f (β) = e i arg{−β} J (2|β|) in terms of Bessel functions and the integrated amplitude
Equation (4) is then trivially satisfied from the property J 2 (x) = 1 for any real argument x. Notice these expressions are valid for any point z along the evolution of the wave function.
III. ELECTRON CROSS-SECTION OF A LOCALIZED PLASMON
Consider an incident monochromatic electron plane wave (φ 0 = 1/ √ V , where V is the normalization volume)
Schematic representation of the physical process under consideration. An electron beam (e.g., a plane wave) interacts with a plasmon wave, giving rise to diffracted electron components. For a standing wave formed by two counter-propagating plasmons, the diffracted electrons move along directions determined by the period a, which is equal to the plasmon wavelength λp. The scattered electron energies differ from the incident energy E0 by a multiple of the plasmon energyhω.
interacting with a localized plasmon. Scalar diffraction theory [26] allows us to write, for z > z 1 ,
where
. We are interested in the far-field limit (k 0 r 1), where the wave function reduces to ψ(r, t)
. From this expression, we calculate the electron current (h/m e )Im{ψ * ∇ψ} by approximating ∇ ≈ ik. We then divide the result by the incident current vγ/ √ V to obtain the scattering cross-section σ = dΩ σ (r), whose partial contributions
are separated in components and outgoing directionsr.
IV. DIFFRACTION BY A PERIODIC PLASMON WAVE
For simplicity, we focus on an electron plane wave normally traversing a plasmon standing wave that is invariant along y and periodic along x with period a (see Fig.  1 ). The transmitted electron consists of a discrete set of beams labeled by both the net number of exchanged plasmons and the diffraction order m. In the far field, using Eq. (5) and assuming small scattering angles 2π|m|/k 0 a 1, we find the corresponding currents
where I inc is the incident current. It is reassuring to observe that, as a consequence of Eq. (4), the total current
In a possible realization of this idea, we consider a self-standing thin conductive film characterized by its 2D optical conductivity σ. Neglecting optical losses (i.e., Re{σ} Im{σ}), the film supports plasmons of wavelength λ p = 4π
2 Im{σ}/ω, subject to the condition Im{σ} > 0. In particular, plasmons in thin noble metals [27] and highly doped graphene [28] exhibit small wavelengths λ p c/ω, which allow us to safely work within the quasistatic limit. Two counter-propagating plasmon waves set up a periodic electric field of period a = λ p (see Fig. 1 ) whose z component reduces to
Upon examination of Eq. (A2) [see SI [25] , where we derive analytical solutions], we conclude that the outgoing diffracted beam intensities produced by this field only depend on two parameters: the normalized plasmon amplitude
where the rightmost approximation stands for nonrelativistic electrons, and
which represents the number of optical cycles taken by the electron to move along a distance λ p .
Remarkably, as we prove in the SI (see Eq. (S8) in Ref.
[25]), I m depends on g and Ω only through the parameter |η| = 2|gΩ|/(1+Ω 2 ), it vanishes if +m is odd, it exhibits the symmetry I m = I m , and it is independent of the signs of and m. Further inspection reveals that I lm scales as |η| 2 max{| |,|m|} for small η. Right after passing the plasmon region (at z = z 1 ), the x-dependent intensity of the different electron components is directly given by |f | 2 , as illustrated in Fig. 2  (left) for Ω = 1 and two different values of the plasmon amplitude g. These plots directly corresponds to recently measured energy-and space-resolved plasmon standing waves using PINEM [18] . They also reveal a complex dependence of the intensity on local plasmon field amplitude, which gives rise to migration of the wave function to adjacent channels during the interaction (see Eq. (A2) and Refs. [19, 21] ), an effect that we illustrate in Fig. S3 of the SI [25] . The evolution toward the detector in the far field (Fourier plane) yields electron intensities that depend on the deflection angle θ as shown in the right plots of Fig. 2 , where each spot corresponds to a given choice of and m, centered around angles determined by k 0 sin θ ≈ 2πm/λ p . The real (Fourier) plane images shown in Fig. 2 correspond to what one would observe with focused (plane-wave) electron beams by rastering the spatial (angular) coordinate x (θ).
More colorful results are expected in the opposite regime of large optical intensities. In order to estimate the maximum range of g and Ω under attainable experimental conditions, we note that the applied light intensity can reach ∼ GW/cm 2 [16] [17] [18] [19] , while coupling to plasmons can produce additional enhancement in the resulting field amplitude. Considering a plasmon of wavelength λ p ∼ 100 nm [29] and energyhω ∼ 1 eV, we find values of g > 20. With these parameters, we also find Ω ∼ 0.1 − 4 for electrons in the 0.1 − 200 keV energy range, which covers a wide selection of available electron microscope regimes.
The η dependence of I m is shown in Fig. 3 for a few low-order beams, as directly obtained from our analytical solution of Eqs. (A2) and (6) (see Eq. (S8) in Ref.
[25]). These results are supplemented with more detailed plots of both f and I m in Figs. S1 and S2 of the SI [25] . We observe that the incident beam ( = m = 0) is initially depleted as the plasmon strength increases. Full depletion, which takes place at η ∼ 2.4, indicates an optimum electron-plasmon coupling, accompanied by relatively large intensities of the rest of the beams ( = 0 or m = 0), and eventually followed by successive partial revivals for increasing η. For small g, optimum coupling occurs at Ω = 1 (maximum of η), as qualitatively expected by the following argument: the plasmon field changes sign across the film [see Eq. (A1)]; however, its temporal evolution [e ±iωz/v factors of Eq. (A2)] can be timed in such a way that they change sign (for ωz/v = π) over a distance comparable to the spill out of the plasmon away from the film (z ∼ λ p /2π); when this happens, the electric force experienced by the electron adds up on both sides of the film, giving rise to maximum interaction. Interestingly, I 02 = I 20 and I 11 can take values exceeding 10%.
In practice, a normally incident laser pulse (duration ∆ p ) could launch the plasmons by interacting with two parallel slits that are separated by a distance d across a flat film region. An in-coincidence electron pulse (duration ∆ e ) then feels the resulting plasmon standing wave [30] . A realistic choice of parameters similar to those in recent experiments [16] [17] [18] [19] 30 ] (e.g., ∆ p ∼ 1000 × 2π/ω, ∆ e ∼ 100 × 2π/ω, and d ∼ 10λ p ) satisfies the conditions that are necessary (1) for the plasmon standing wave to be well developed (ω∆ p /2π 1), (2) for the electron to see a nearly stationary plasmon regime (∆ p ∆ e 2π/ω), and (3) for the plasmon grating to exhibit a sufficient number of periods (d λ p ) as to produce a few well-defined low-m diffraction orders. Additionally, as the electron wavelength is small compared with λ p , an incident electron beam spanning a lateral size d should present a negligible angular divergence [29] . Finally, the plasmon propagation distance has to be large compared with d, a condition that is satisfied in high-quality graphene [31] . Incidentally, strong collisions with atoms in the plasmon-supporting film and inelastic scattering by phonons and other excitations could result in an electron background distribution, similar to what happens in EELS and electron holography experiments.
V. CONCLUDING REMARKS
We have focused on a specific realization of electron diffraction by plasmon waves, but there are many other possible geometries. For example, one could exploit highorder plasmon standing waves of long silver nanowires such as those recently synthesized and imaged by spaceresolved EELS [32] . Plasmon snapshots similar to those of Fig. 2 try under plane wave illumination [18] , whereas here we propose a Fourier plane analysis. Such nanowire geometry is compatible with an aloof beam configuration, in which the electron is not directly trespassing any material boundary, thus avoiding undesired strong collisions with target atoms, or coupling to inelastic modes (e.g., phonons). Alternatively, electrons could be electrostatically deflected from a biased surface [33] , on which a standing plasmon wave would provide the means to produce efficient electron diffraction, thus addressing a pending challenge in the coherent manipulation of low-energy free electron waves [4] . Active control of electron diffraction also appears to be possible by playing with the frequency, intensity, and symmetry of the light used to excite the plasmons, resulting in engineered plasmon waves that could for instance produce diffracted vortex electron beams [34] . The ultrafast dynamics of plasmons adds the possibility of shaping electron diffraction with high temporal resolution. We also note that other polaritonic excitations (e.g., optical phonons in 2D crystals) could be employed instead of plasmons. These ideas constitute the basis for the development of low-energy electron optics setups in which the electrons interact with evanescent light fields without the damaging effect of close encounters with bulky materials.
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We derive an analytical solution for the wave function coefficients f and the beam currents I m from which several interesting symmetry properties are obtained. Furthermore, we provide graphical results that supplement those of the main paper. We seek to find an analytical solution for the electron wave function coefficients f , whose evolution is described by Eq. (3) of the main paper. It is convenient to define a dimensionless path length coordinate θ = z/D, where D is a characteristic length of the system (e.g., D = λ p /2π for a plasmon grating). We also separate the electric field as
where A(θ) is a dimensionless function. This allows us to recast Eq. (3) as
where g = eE 0 Dγ/hω and Ω = ωD/v are defined by analogy to Eqs. (8) and (9). This system of coupled-channel equations has been solved in exact form by using a second-quantization formalism [19] . Here, we provide a similar derivation that is suitable to later study electron diffraction, and that, in contrast to Ref. [19] , yields the electron amplitude, the squared modulus of which is the electron intensity.
We can now write Eq. (A2) in matrix form as
where f is the vector of components f , whereas U is a matrix of coefficients U = δ , −1 , and obviously, (U −1 ) = δ , +1 . Noticing that all matrices formed as linear combinations of U and U −1 commute among themselves, we integrate the above differential equation to find
In particular, the outgoing coefficients after interaction with the plasmon field reduce to
For an incident plane wave, we use f (−∞) = δ ,0 to write the analytical solution
where we have inserted the binomial expansion of β * U − βU −1 n and identified the penultimate line with the Taylor expansion of the Bessel function J (x) = (x/2) j (−x 2 /2) j /j!(j + )! [35] . Remarkably, f only depends on the integrated field amplitude β ∝ g [see Eq. (A3)]. Additionally, we see that the intensity of the outgoing electron component is |f
Appendix B: I m for electron diffraction by a plasmon grating
For the plasmon grating considered in the main paper, we set D = λ p /2π and A(θ) = sign(θ) e −|θ| cos(x/D) [cf. Eqs. (A1) and (7)]. This yields the integrated amplitude
where η = 2gΩ/(1+Ω 2 ). We now calculate the diffracted beam intensities from Eq. (6) of the main paper as I m ≈ I inc |a m | 2 , where
are the corresponding beam amplitudes. This integral requires the evaluation of the Fourier transform of the powers of cos(x/D),
where we have used again a binomial expansion. Combining the second last line of Eq. (A4) with Eqs. (B1)−(B3), and taken η to be real and positive without loss of generality, we find
The factor δ +2j−2j ,m in this expression makes it clear that a m = 0 if + m is an odd number. Finally, when + m is even, we have
where N = max{| |, |m|}. Incidentally, we have verified that Eq. (B4) produces results that cannot be distinguished in the presented figures from those obtained by direct numerical integration of Eqs. (3) and (6) of the main paper. Interestingly, Eq. (B4) has the symmetry a m = a m . Additionally, we remark that the beam currents depend on g and Ω only through |η| = 2|gΩ|/(1+Ω 2 ). We present in Fig. 3 of the main paper an overview of this dependence for the lowest-order beams and supplement those results with plots presented in next section. Each plot corresponds to a given m running from 0 to ±5 (top to bottom). The vertical axes show the dependence on either g (left plots for fixed Ω = 1) or Ω (right plots for fixed g = 1/2). We note that the intensity is zero for beams in which + m is an even integer.
